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The response of amplifiers to sharp pulses and step pulses Is

8tUdied?80r ●plif’iera with mrioua kinds of attenuation f unokimo at Mgh

and at low frequencies.
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To design aQ amplifier to amplify pulses from a counter or i.onizaW.cm

chamber one must have some idea of the distortiaa whioh the pulso wil1 undergo in

passing through the amplifier. Dibtortiorloooltrabectiusethe am~lification is nat

the same at all t:~,efrequencies out of which thl!pulse can be considered to be made

up. h addition there may be a relative shift in phase for these different fr~

querwieao]’ A good amplifier has a Iarga region of frequencies over which it is

“flat”, that is amplification is nearly independentof frequenay~ Sinoe we are

only interested in distortion and not absolute wnplificatioa, we 8hall oall the

-..

.

amplifhati.on in this region unity. For very high frequenaleas and uEIuallYfor ~eV

low frequenay, the ampl$.fiaationfalls off. ““orhigh frequmoies the amplification

k
usually varies inversely as some power of the frequenQy2 namely a6 @J@) . ~hti

logarithm of the ampliiloation falls linearly with the logarlthm of the f’requenoyt~

That is, Lhe output fal]a at the rate of’&c deoibele per oo?xmme.

The frequency...’.is the frequenoy at whioh the straight line on the

attenuation vs log @ plot would interoept the amplification~ 19 of the,flat region

(bee Fig. 1 for example).

Most amplifiers UIISOhave a l~frequonay outol’f,where the amp3ifi-

oation falle, umumlly direatly as a power of the frequmoy, (@/@o)k. ‘he

k anduo are analogaus but bear no direct re!lat+onto the corresponding quantities

at the higkfrequency end. hi praotiue th( high- and Iow-frequency otitoffaare
v

separaked by suoh a long streboh of flat response that the affeots on the pulse

shape of these two regions CMLII be olearly distingaiahed. The Mgh=frequenoy

response effeota the shape of a sharp pulse, the rate of rise, the aeouracy with

which the pulse Is lJNCLASSIFfED
.

1. Ap 8e shi~ortim. but oltly
,.,—-—=.

a delay’in the amplifier. me skll aasume suoh a linear variatioi ha8 beOn
subtiaoted from the phaae shift and shall not ?onsider the delay, .

2. We shall use throughout the so.oalledtmgular frequency,ti , wh:oh is l/2n

—
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follmed, ekc. The l- frequency response determines the respgnse wer long

time80 After a short pu18e the amplifier doe8 not return immediately to zero,

but drifts slowly baok and may over~hoot somewhat, etoo

To separate these effeotw for analyaia we shall study two typee of

aJupli#%er6. One whiefihas onlya M.gh-frequenoycutoff, but whioh is flat for

low frequencies, Bll the way down to gem (it ~sses DG). The other kind will be

imagined to have only a Iow-frequenoy outoff9 and to pass with unit amplification

all frequenoiea no matter how large (it follows faithfully instantaneous olzanges)o

‘WI dfed ona pulse of a red amplifier with both types of out off can be studied

by imagining the pulse to go first Mmxqjh one amplifier with only high outd’f, and

the resultant of this then to go througha seoond amplifier with low outoffo

Since the

all different kind8 of

to an infinitely sharp

funotion- Then, shoe

amplifier is linear we do not have to find the re~ponse

@SU6 individually tippose we know the responoe O(t)

(and high) pulse, s(t), describable by Dirao’9 delta

a pulse of any shape f(t) oan be looked at mJ the euper.

to

positiod of a very large nunber of infinitely sharp pulses ooouring at different

times, the response oan be built up from an infinite nwuber of’responses, O(t)v

That iu sinoe

the response of

J
Cm

f(t~ f(t’)$ (t o t’) dt’ - (1)

the ampiflier to f(t) is

f

*

R(t)=
-cd

Sinoe O(t) is the reaponae

Of pmrtioular

1(t) (whioh iS O if t <0

f(t’) O(t - t’) dt~ (a

to 6 (t)o

Interest alao iu the response I(t) to a step funotion

andlfor*>O)e %iII is often oalled the Indioal

.- admittanoe~ Shoe tho delta funotion is the derivative of the step function, ~(t)

is the derivative of I (t):
-.

. . & ...

UNCJ.As$!flED
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o(t) = d/dt’ I(t) or, I(t)= Jt
-o

O(t J) dtf I(t)= o for t< 00 (3)

We have aaloulated O(t) and I(t) for amplifiers with differcxvtkinds

low-frequeney outoff0
,

What is the relation between Q(t) and the ~lifiaation

of high- and

E&phase shift

of the amplifier as a function of frequenoy! If a sine wave of fiequenoy @ is

put into the amplifier, we aan inugine that the output has amplitude a (@] timaa

as muoh and is shifted by b(LJ) in phase- Using the usual oomplex notation thenwe

‘@t the output~ve is a(w)e
ib(@)ei@t

would a~y that for an input wa7e e e

We oan oosibin~~(w) e‘b(@) ‘-&& the single complex fUnOtion A{uJ)O

If a~ other wave form f(t) is put into the amplifier it mzn be

-. deoompoaodinto its oomponent

J
-m “

sine waves by iouriers theoreomz

where Q(fA ) =
(

(lL24 - .iu t ~+f(t) e (4I

Eaoh oompoment wavo on going

multiplied by its corresponding amplitude

then be oombined to give the response:

fiw

‘k)
through the amplifier, t-, get8

and phase Motor A(Q) - &se -ves are

-LN

The delta funoti~ 6(t) has as Its fourier transform

frequencies are equally represented, with no relative

(5)

ahply b~t )= lf’2n. All

p&kae shift, Henoe, the

funoticm O(t) is givem by (5) with 6(w) replaoed by l\2nt

o(t) = r’A(&) e
iwt

d4N (6)
‘-to

The funotion I(t) oan then be got from (3) or by what amounts to the same thing,

(u) = l/2~Q)- lato (5). These re8ultu oan b. aUusnarisedin the follm

%ff/
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l(t)

f(t)

l(t)+ o(t’) CM’

R(t): ;%(t-t*) i’(t’) dt’

-00

We wan now find O(t) for varioua ohoioee of A(u), in eqwtion (Q,

representing high- and low-frqquenoy outofi%. Not any arbitrary ohoi~e for the

funotion A(w) oan be ralized in a real amplifier however. %me are oertain

neoessary relations between the phase shift and freqaaenoy-3 If them relations

are not eatisfied by A(o ) the corresponding amplifier would have signals at *the

output starting before the input terminale we exoited~ whioh is@ of oourse,

impmaible ‘for any real ampltfier. The oonditlcm tht this dooa mt hppen is

that all of the aingdarities branoh points, eto. of the funotion A(m) lie on

the poaitivs imginary half of thew oomplex planeo

One possible funotion 4 *oh satisfie6 these

represents a high-f’requenoy~utoff iat

pkse shift varies) . Abwm this fraquenoy tkn funotioa is

Uonditione and Whioh

(7)

absolute mgnitwle of

is wnetant (but tk

~-k
the8 a r-l

funotiono In thi8 region the phase shift is oonstant, therefore. For very large

frequenoy A@$ be~ves aa i“k (W’OAJ k so -t t~ -pw’~mtion fills off

See “Wtwork bal ysis and Fred Baoh Amplificm Design.* H*W. Bode X945
Footnote 3, page 333o

—. . .A.. ——- —--— .L— -.. ,“
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(but th~ phase ?h$ft is oonetant) at the rata of

rates of out off are obtained by using different

and phne shift for this function are plotted in

& deoibels per oa~ve. Differ-t

values Of’ko the ampliffoation

Figs. 1 end 20

If this form for A(w) is put Into (6) , the integrals oan be,per.

formed by oontour integrations and the result is (Jk(x) is the kth order Bessel

. Fbnotiolz)

This funotion is plotted for k s 1.0, l~~i 2.) (correspondingto outoffs of 6@

9 and 12 db\ octave re6peotively} as heavy lines in F3ga 3.

funotiom I(t) gi~ing the responees to the step fumtion are

&other type of response oan be

..
represented by

A(w)= (1+ iwid O)-k. (8)

Suppose we have an R, C Cirouit consisting of

The integrated
.

given in IWga 40

a 81mple resistance R and oapaoitanoe C in

6eriet30 & voltage acmoss the capacitance

then bear- the.ra$io U(l+ i‘No) to the

voltage acress the oiroulto Henoe A(IQ) tith

k = 1 ad.~oz I/ko is repremuted by mioh a

oireuito Its rqxwme to ● del+m funation pulaa B@valent Cimuitu, Eq. (!3)

is a sutien rise followed by a simple expomntial fall. U’ * suoh F@ oiro~~*8 ~

put together, one following the other the response would be gfveraby A(~ ) for

k = 20 Although a fractional value of k oannot be represented In this my by RC .

olrouits, the recndting A(w) oould nevertheless be rou~y thk response of sores

● ✎ amplifier. The amplif%oation and phase shift for thiB funotioa is given by Mio

dotted ourvea of Figs. 1 and 2.

L

If ‘~hi~expression for A(-) ie put iz@o
-.

funotion O(t) is found to be

..— .
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~(t)= (w # t ,# /“’”
“ #oe

● @’),
t r(k)

Here ~(k) is the gamma funotion of k. whioh is (kl) 1 for integral k, This
.

response oarve for k= 1.0, 1.5 and 2.0 }s given by the dotted ourves of Pig. 3.

The response S(t) to a step funotion is given in Fig. 4, dotted curves.

It is seen that the amplifiers with the funotiou (8) are slower to
f

respord but less liable to overshoot than are the oorreapoxxling amplifier with

tho4’unation (7)o !&my r-l amplifiers will probably have mrvea of amplifiuatian

lying between thetm oases (7) and (6)0 It often is the case, however, that t~

amplification rises a little just before the outoff sets & Other forms of A(uJ) ‘

might bm analyzed. ~he best prooeoure would ofooursebe to work out A(w) fOr

‘he ourves.given here ehould be aeach proposed smplifier, and then get O(t).

fair guide as,to what to expect of moat amplifiers.

For the l~frequenoy.outoff amplifiers, reasonable ourves for A(u)

am be gotten by replaoing w#U by @/@. (and i by -5.)in the ~pressione for

A@) for high f’requenay~ The behavior of amplitiaation and phase ehift #re ezaotly

similar when plotted against Mid (butare reversed high for low frequenoy) awi wZRl

not be plotted again.

A(W) =
k

@ l~frequ~y attenuatioiifunotion oorrespouding to

[~- +-’ (9)

(7)is:

It gives oonatqnt araplifiaationabove w#2 and oonstant phase shift belauo W

fi~~l (~ for O(t) is more diffiault to oaloulate in thio oasgs

i
.

t“

For k = 10 O(t)’ ~(t) .w#2 +(d~2
J

(tit) Jl(woti2) dt

For k cs2,

L 1

O(*)= $ (t) -@oJo (c4ii2) + (wo~/2) 1 -$ tJl(@et/2) dt
o

(9’)

These are plotted as heavy lines .inFig= 50 Their integrals I(t), the ree~o to.

a step in plotted in 6.

&__

The appearanoa of the &t) in O(t) is due to t tlmt.

. 1.. -,.,....
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there being no higkfrequenoy cutoff, the 6harpe8t features of the i~put are

reproduced in the output.

The expression for A (w) corresponding

CXltOff.i6Z

A(@)= (1 - W/u-J) ‘k

ThiII oan be obtained fmmk (where k is integral) RC

(8) but with the role of oapaoity and

reaistame interchanged. The response

O(t) for this

and 2 by
,.

Forkzl

*
For k~.2

1.,

to (8), but for low-frequenoy

(lo)

airouits sizdlar to those ?or

.

Equivalent Circmits, Eq*(lO)

They are plotted as dotted ourvwl in Fig. 5. The\r integrals are plotted in

Fig. 6.

!

. .

n.

——
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