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APPLYING THE LANL
STATISTICAL PATTERN RECOGNITION PARADIGM FOR
STRUCTURAL HEALTH MONITORING TO DATA FROM A

SURFACE-EFFECT FAST PATROL BOAT

Hoon Sohn, Charles R. Farrar, Norman F. Hunter,
and Keith Worden

ABSTRACT

This report summarizes the analysis of fiber-optic strain gauge data obtained from a
surface-effect fast patrol boat being studied by the staff at the Norwegian Defense Research
Establishment (NDRE) in Norway and the Naval Research Laboratory (NRL) in Washington
D.C. Data from two different structural conditions were provided to the staff at Los Alamos
National Laboratory.  The problem was then approached from a statistical pattern recognition
paradigm. This paradigm can be described as a four-part process: (1.) operational evaluation,
(2.) data acquisition & cleansing, (3.) feature extraction and data reduction, and (4.) statistical
model development for feature discrimination. Given that the first two portions of this
paradigm were mostly completed by the NDRE and NRL staff, this study focused on data
normalization, feature extraction, and statistical modeling for feature discrimination.  The
feature extraction process began by looking at relatively simple statistics of the signals and
progressed to using the residual errors from auto-regressive (AR) models fit to the measured
data as the damage-sensitive features.  Data normalization proved to be the most challenging
portion of this investigation.  A novel approach to data normalization, where the residual
errors in the AR model are considered to be an unmeasured input and an auto-regressive
model with exogenous inputs (ARX) is then fit to portions of the data exhibiting similar
waveforms, was successfully applied to this problem. With this normalization procedure, a
clear distinction between the two different structural conditions was obtained.  A false-positive
study was also run, and the procedure developed herein did not yield any false-positive
indications of damage.  Finally, the results must be qualified by the fact that this procedure
has only been applied to very limited data samples.  A more complete analysis of additional
data taken under various operational and environmental conditions as well as other structural
conditions is necessary before one can definitively state that the procedure is robust enough
to be used in practice.
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1 INTRODUCTION

This report summarized the analysis of test data obtained from the Naval Research Laboratory

(NRL), www.nrl.navy.mil.  Based on conversations with the staff from NRL (Mike Todd,

miketodd@ccs.nrl.navy.mil) at the 2000 International Modal Analysis Conference, staff at Los

Alamos National Laboratory (LANL) volunteered to apply some of the LANL pattern recognition

techniques developed for structural health monitoring to data obtained from a surface-effect fast

patrol boat shown in Figure 1.  The surface-effect ship is a pre-series fast patrol boat built by

Kvaerner Mandal in Norway. Together with a research team from the Norwegian Defense Research

Establishment (NDRE), the ship designers determined the optimal sensor placement. The sensor

installation and data acquisition during sea trials were performed jointly by NDRE and NRL. The

boat and the associated data acquisition are summarized in Johnson et al. (2000), Pran et al. (2000),

Jensen et al. (2000), and Wang et al. (2000).

Figure 1: Surface-effect fast patrol boat.
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As with all structural health monitoring activities, the LANL staff views this problem in

terms of a statistical pattern recognition paradigm. This paradigm can be described as a four-part

process: (1.) operational evaluation, (2.) data acquisition & cleansing, (3.) feature extraction & data

reduction, and (4.) statistical model development for feature discrimination.

Operational evaluation answers four questions regarding the implementation of a structural

health monitoring system: (1.) How is damage defined for the system being monitored? (2.) What

are the conditions, both operational and environmental, under which the system to be monitored

functions? (3.) What are the limitations on acquiring data in the operational environment? and (4.)

What are the economic and/or life safety motives for performing the monitoring? Operational

evaluation begins to define why the monitoring is to be done and begins to tailor the monitoring to

unique aspects of the system and unique features of the damage that is to be detected.

The data acquisition portion of the structural health monitoring process involves selecting the

types of sensors to be used, the locations where the sensors should be placed, the number of sensors

to be used, and the data acquisition/storage/transmittal hardware. Other considerations that must be

addressed include how often the data should be collected, how to normalize the data, and how to

quantify the variability in the measurement process.  Data cleansing is the process of selectively

choosing data to accept for, or reject from, the feature selection process. Filtering and data decimation

are two of the most common methods for data cleansing.

The area of the structural health monitoring that receives the most attention in the technical

literature is feature extraction.  Feature extraction is the process of identifying damage-sensitive

properties, derived from the measured vibration response, which allows one to distinguish between

the undamaged and damaged structure. Almost all feature extraction procedures inherently perform

some form of data compression. Data compression into feature vectors of small dimension is

necessary if accurate estimates of the feature’s statistical distribution are to be obtained.

Statistical model development is concerned with the implementation of the algorithms that

analyze the distribution of extracted features in an effort to determine the damage state of the

structure. The algorithms used in statistical model development fall into the three general categories:

1. Group Classification, 2. Regression Analysis, and 3. Outlier Detection.  The appropriate algorithm

to use will depend on the ability to perform supervised or unsupervised learning.  Here, supervised

learning refers to the case where examples of data from damaged and undamaged structures are

available.  Unsupervised learning refers to the case where data are only available from the undamaged

structure (Bishop, 1995).
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The Norwegian Defense Research Establishment and NRL undertook this structural health

monitoring study. Therefore, it is assumed that they have addressed issues such as the economic

and/or life safety motives for performing the monitoring. At present, the LANL staff does not know

how damage is defined for the boat.  The data are assumed to have been acquired in widely varying

operational conditions including varying sea states, varying ship speeds, and varying thermal

environments.  The limitations, if any, on acquiring data in these operational environments are

unknown to the LANL staff.

Data acquisition was also performed by the staff of NDRE and NRL.  Therefore, the number,

type, and locations of sensors along with the data acquisition/storage/transmittal hardware and data

sampling parameters were all established by NDRE and NRL.  Fiber optic strain gauges with Bragg

gratings were used to measure the dynamic response of the ship.  A schematic diagram of the fiber

optic sensors is shown in Figure 2.  The sensors were distributed through the ship as shown in

Figure 3.  Three strain time-histories were received from NRL. It was explained that these time

histories were measured with the same sensor when the ship exhibited two different structural

conditions. However, the LANL staff was not told which sensor these data came from.  The first

two signals, referred to as Signal 1 and Signal 2, hereafter, were measured when the ship was in

“Structural Condition 1” while Signal 3 was measured when the ship was in “Structural Condition

2.” The LANL staff was not informed of any data cleansing or data normalization that was performed

before the transmission of these signals to LANL.  It is assumed that these data were acquired under

varying environmental and operational conditions.  Changing environmental conditions can include

varying sea states and thermal environments associated with the water and air.  The variations of

operational conditions include ship speed and the corresponding changes in engine performance,

mass associated with varying ship cargo, ice buildup and fuel levels, and maneuvers that the ship

undergoes.  No measures of these environmental or operational conditions were provided.

Given that the first two portions of the statistical pattern recognition paradigm have mostly

been completed, this study focused on data normalization, feature extraction, and statistical modeling

for feature discrimination.  The goal of this investigation was to normalize these data and extract

the appropriate features such that Signal 3 could be discriminated from Signals 1 and 2.  Also, the

same procedure should not discriminate Signal 1 from Signal 2. This report will now summarize

the procedures used to obtain these goals.
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Figure 2: Fiber optic strain gauge with Bragg grating.

Figure 3: Location of fiber optic strain gauges.
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2 DATA ANALYSIS

2.1 The Raw Time Series

First, the raw time series are plotted in Figure 4 to get some intuitive feeling for the signals.  A

few observations could be made based on this figure: (1) All the signals have “spiky” responses

with an occasional large amplitude strain measurement, (2) the amplitude of one signal is not

consistent with the amplitude of the other signals indicating the need for data normalization, and

(3) significant “skewness” is found in Signal 2.  To support some of these observations, the first

four statistical moments of the raw time series are summarized in Table 1.

Figure 4: The raw strain time series.

0 100 200 300 400 500 600 700
1000

500

0

500

1000

S
tr

a
in

Signal 1

Data Point # = 26980
Time Period = 601.17 sec
∆ t = 0.02228 sec

0 100 200 300 400 500 600 700
 1000

 500

0

500

1000

S
tr

a
in

Signal 2

0 100 200 300 400 500 600 700
 1000

 500

0

500

1000

Time (Sec)

S
tr

a
in

Signal 3



8

Table 1: Basic statistics of the raw time series amplitudes.

Time Series Mean Amplitude Amplitude STD Skewness Kurtosis
Signal 1 3.7809 37.7433 -0.4811 6.0854
Signal 2 -0.8207 107.8089 -2.2310 12.6311
Signal 3 -0.7559 74.1260 -0.8134 11.9437

A close look at Table 1 further reveals important facts regarding the data.  The sample mean

and standard deviation (STD) of one time series are quite different from those of the other signals.

Therefore, it seems necessary to conduct some form of data normalization or standardization before

doing any statistical model development.

Skewness is a measure of the asymmetry of the data around the sample mean and is defined

as

3

3)(E

x

xx
s

σ
µ−= (1),

where µ
x
 and σ

x
 are the mean and standard deviation of the random variable x, respectively.  E(x) is

the expectation of random variable x.  If the skewness is negative, the data are skewed toward the

negative direction of the mean.  If the skewness is positive, the data have heavier tails to the positive

direction of the mean.  The skewness of any perfectly symmetric distribution such as a normal

distribution is zero.  Signal 2 has a skewness value of -2.2310, which is much larger than the other

two signals.  The skewness value for Signal 2 indicates that there are more frequent negative strain

values than positive ones as can be seen in Figure 4.  Therefore, it is suspected that there must have

been additional operational and/or environmental effects during the acquisition of Signal 2, not

present during the acquisition of Signal 1.

Kurtosis quantifies the relative amount of data located in the tails of a distribution, and the

kurtosis of a distribution is defined as

4

4)(E

x

xx
k

σ
µ−

= . (2)

The kurtosis of a theoretical normal distribution is always 3.  Distributions with kurtosis greater

than 3 have more “mass” in the tails than a normal distribution, and distributions with kurtosis less

than 3 have shorter tails than a normal distribution.  The last column of Table 1 shows that all three
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signals have relatively large kurtosis values (larger than 6) indicating that they all have relatively

heavy tails. Therefore, it might be necessary to eliminate outliers corresponding to unusual

environmental and operational conditions a priori.

2.2 Principal Component Analysis of Moment Statistics 

Principal component analysis is a classical method of multivariate statistics, and its theory

and use are documented in many textbooks from that field (e.g., Sharma, 1996). Only the briefest

description will be given here. Given N samples of data in p-dimensions (x1, x2, …, xp), the

principal components analysis (PCA) seeks to project the data into a new p-dimensional set of

Cartesian coordinates (z1, z2, …, zp) by a linear transformation.

Calculation is as follows: given data xi=[x1i x2i xpi]
T, i= 1, …, N, form the covariance

matrix ∑,

∑
=

−−=
N

i
ii

1

T))(( xxxxΣ , (3)

and decompose Σ so

TVΛVΣ = , (4)

where Λ is a diagonal matrix containing the ranked eigenvalues of Σ, and V is the matrix

containing the corresponding eigenvectors. (singular value decomposition can be used for this

step.) The transformation to principal components is then

)(T xxVz −= ii , (5)

where x is a mean vector of xi’s. The result of this transformation is that the coordinates zi are

the projection of the original xi onto the eigenvectors of Σ. These eigenvectors are called the

principal components, and the zi are called the scores.

The new coordinates have the following properties: the zi’s are uncorrelated, and the covariance

matrix of the zi-coordinates is diag[ 2
1σ , 2

2σ , …, 2
pσ ]. Here 2

1σ ≥ 2
2σ ≥ … ≥ 2

pσ . Thus, z1 is the linear

combination of the original xi’s with maximum variance 2
1σ , z2 is the linear combination that explains

most of the remaining variance 2
2σ , and so on. It should be clear that if the p-coordinates are

actually a linear combination of q < p variables, the projections onto the first q principal components

will completely characterize the data, and the remaining p-q projections or scores will be zero. In
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practice, because of measurement uncertainty, the scores will all be non-zero, and the user should

select the number of significant components for retention.

Considered as a means of dimension reduction then, PCA works by discarding those linear

combinations of the data that contribute least to the overall variance. There are two main applications.

First, the technique can provide an effective means of feature extraction, i.e., the salient information

in the data can be retained while passing to a representation of the data in a reduced dimension.

Second, the technique can provide an effective means of visualizing the data. If the reduced space

has a dimension of 3 or less, the reduced data can be plotted in a form that displays relationships

between the points. In the reduced-dimensional space, structure such as clusters may be visualized

reflecting the distribution of data in the original higher dimensions.

In order to illustrate the process, consider the features discussed in the last section—the first

four moments of the given time-series. The data for visualization were accumulated as follows.

First, the data were decimated (an anti-aliasing filter was applied), and three records of time series

of length 2698 were obtained. A time window of 1000 points was moved through the records with

a step of 8 points. For each window, the first four moments of the time series were evaluated: mean,

standard deviation, skewness, and kurtosis. For each signal this process gave 213 4-dimensional

feature-vectors, which were concatenated and decomposed using PCA. After the transformation in

Equation (5), the projections onto the first two principal components were extracted. The results are

plotted in Figure 5.

Figure 5: Moment statistics for Signals 1 to 3 projected onto the first two principal components.
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The visualization of the moment data shows two striking characteristics. First, the features

corresponding to the three signals are separable in the two-dimensional projection. Because PCA is

a linear orthogonal transformation, it preserves the distances between data points, and hence the

data must be separable in the original four-dimensional space. Second, the features for Signal 3 sit

between those for Signals 1 and 2, which correspond to Structural Condition 1. It is this second

observation that eliminates the moment statistics as useful features. Because Signals 1 and 2 clearly

do not represent the full operational and environmental range of Structural Condition 1, the clusters

corresponding to Signals 1 and 2 are disjointed. If data were collected spanning the full range of

normal operational and environmental conditions, the features from these data would be expected

to interpolate between the features of Signals 1 and 2, and would overlap substantially with those of

Signal 3.  This observation is not conclusive as the full normal condition data could avoid the

features from Signal 3 in the full four-dimensional space. However, PCA shows that because 90%

of the full data variance was encapsulated in the first two components, the three separated clusters

are nearly coplanar in the four-dimensional space.

This example illustrates the two possible uses of PCA. The two-dimensional visualization

shows the existence of separable clusters. In the absence of further information, it would be possible

to design or train a classifier that would separate unambiguously Structural Condition 1 from

Structural Condition 2 in the two-dimensions—thus feature selection would appear to be possible.

In fact, as it is known that the normal condition data here (Signals 1 and 2) are not representative of

all environments, the disposition of the three clusters effectively eliminates the moment values as

features for novelty detection1 . Note that these conclusions are only tenable because damage data

are available. If true unsupervised learning were required, it would not be possible to eliminate the

moments as candidate features.

2.3 Frequency Domain Analysis

Next, the fast Fourier transformation (FFT) of the time signals is computed.  Before FFT, the

time signals are normalized such that

1  Novelty detection is the lowest level of damage identification, and seeks simply to identify if a new data set is
consistent with data corresponding to the previously observed normal conditions.

           
x

xx
x

σ
µ−

=ˆ , (6)

where x̂  is the normalized signal, and µ
x
 and σ

x
 are the mean and standard deviation of x, respectively.

This normalization procedure is used for all subsequent analyses presented in this report.  The
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results of FFT are shown in Figure 6, Figure 7, and Figure 8.  Note that because the frequency

amplitudes are negligible after 5 Hz, only the range of 0–5Hz is shown here although the Nyquist

frequency is 22.44Hz.  While Figure 6 shows the FFT of the normalized raw time series without

applying any windowing, a Hanning window is applied to the time series before the computation of

FFT shown in Figure 7.  For the FFT results shown in Figure 8, the time series are divided into 24

segments with 50% overlapping, a Hanning window is applied to each individual segment prior to

FFT, and the averaging of 24 FFTs is conducted.  There exist noticeable differences among the FFT

amplitudes of signals in the range of 0–0.5Hz.  However, based on visual inspection of Figure 6,

Figure 7, and Figure 8, it is difficult to qualitatively discern any consistent difference between

Signals 1 and 2 (Structural Condition 1) and Signal 3 (Structural Condition 2).

Figure 6: Fourier transform of the raw time series.
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Figure 7: Fourier transform of the time series after applying a Hanning time window.

Figure 8: Averaged Fourier transform of the time series.
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2.4 Probability Density Estimation

The probability density function (PDF) of an individual time signal is estimated by a kernel

density estimation technique (Silverman, 1986).  Kernel density estimation can be motivated by

observing that if X is a random variable with density function f(x), then (2h)·f(x)≈Pr(x-h<X<x+h) or

f(x)≈(1/2h) Pr(x-h<X<x+h).  As h goes to 0 this approximation becomes equality.  For a given value

of h, the probability of being in the interval (x-h,x+h) can be estimated as the proportion of observed

data in the interval.  A natural estimate of the density is

(7)

This is referred to as the naïve estimator of  f(x).  By defining a kernel function K(x) as

( ) 1=∫
∞

∞−

dxxK . (8)

the kernel estimator with kernel K is defined by

( ) ∑
=







 −=

n

i

i

h

Xx
K

nh
xf

1

1ˆ . (9)

The parameter h is the window width, also called the smoothing parameter or the bandwidth.

Just as the naïve estimator can be thought of as a sum of boxes placed over the observations, the

kernel estimator can be thought of as a sum of “hills” placed over the observations.  In this study, a

Gaussian kernel is used. That is, K(x) = .

The quality of the estimate depends critically on two factors. The first is the size of the training

set. Discussions can be found in Silverman, (1986) or Scott (1992). Following Silverman’s criteria

for a univariate density, there are no problems here with the amount of data. The other factor of

importance is the value of the smoothing parameter h. If h is too small, the PDF will contain a lot of

spurious local structure. If h is too large, the estimate will be over-smoothed, and its decay rate with

x will be underestimated. The immediate effect of the latter for structural health monitoring problems

is that the normal condition set will appear to be larger than it actually is, and any density-based

damage diagnostic may therefore suffer from false negatives. As one might expect, there is an

optimum value for h and there are a number of ways of estimating it.
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The simplest method and the one adopted by the kernel density estimate is least-squares

cross-validation (Bowman, 1984). This method seeks to minimize the squared error between the

density estimate and the true density:

dxxpxpxpJ
2

)](ˆ)([)](ˆ[ ∫ −= . (10)

Because the true density p(x) is unknown, Equation (10) is somewhat limited in its usefulness.

However, it can be shown under certain conditions (Silverman, 1986) that the value h which

minimizes the following equation also minimizes the mean-squared error between p(x) and p̂ (x):

 where K*(x) = K(2)(x) - 2K(x), K(2)(x) =    K(z-x)K(z)dz, and z is a dummy variable.

The minimization is carried out here using a simple quadratic-fit Newton-type method

(Leuenberger, 1989). Any minimization routine requires an initial estimate, and the quality of the

final result may depend critically on it. This study follows the guidelines in Silverman (1986) and

uses the following procedure. An initial smoothing parameter is chosen, h*; for a univariate

distribution, this parameter is,

h*=0.9An-1/s   , (12)

where A = min [standard deviation, interquartile range/1.34].  (There are 4 quartiles, Q1, Q2, Q3,

and Q4.  Twenty-five percent of the data are below Q1; 50% of the data are below Q2, the median;

75% of the data are below Q3; all the data are below Q4.  The interquartile range is a range between

Q1 and Q3 implying that 50% of the data will be between Q1 and Q3.)  The standard deviation and

the interquartile range are computed from the observations.  At the least, this choice of h should

provide a good starting point.

This estimate depends on the assumption that the true distribution is univariate Gaussian. In

cases where the density is expected to be close to Gaussian, i.e., uni-modal and with light tails, the

estimate above will often be good enough. If there are major departures from normality, i.e., the

density is clearly multi-modal, full cross-validation is needed. There are many other approaches to

estimating the smoothing parameter, and a good survey is provided by Wand and Jones (1995).

Once h* is established, the program used here assumes a search interval [h*/4, 2 h*] and carries out

⌡⌡⌡⌡⌡⌠⌠⌠⌠⌠
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a minimization of M
1
(h) over this interval. The procedure continues by carrying out a coarse search

over a mesh of 100 points in order to bracket the minimum, and then minimizes using the quadratic

fit procedure.

Figure 9 displays the PDF of the raw time series estimated by the kernel density technique.

Before the density is estimated, the time signals are normalized according to Equation (6).  Therefore,

the median values (the peaks) of the PDFs are placed near zero value in the abscissa. (The mean

value of each PDF is zero.)  Based on the observation of Figure 9, it is concluded that there exists a

noticeable difference between PDFs of Signal 1 and Signal 3.  Furthermore, the PDF of Signal 2

seems closer to that of Signal 3 rather than to Signal 1. (Again, note that Signals 1 and 2 are

supposed to come from the same structural condition and Signal 3 from the other structural condition.)

This observation agrees with the results shown in Table 1.  Signal 1 has smaller standard deviation

than the other two signals, and the significant skewness of Signal 2 is also spotted as shown in the

previous skewness value.

Figure 9: Probability density estimation of signals.
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2.5 Statistical Process Control (SPC) Analysis 

This section focuses on applying a statistical process control technique known as a control

chart to the strain measurements. A control chart provides a statistical framework for

monitoring future measurements and for identifying new data that are inconsistent with past data

(Montgomery, 1997). First, an auto-regressive (AR) model is fit to the strain measurement from

Signal 1. The residual error, which quantifies the difference between the prediction from the AR

model and the actual measured time history at each time interval, is selected as the damage-

sensitive feature for the subsequent control chart analysis. Next, and X-bar chart and an S

control chart are employed to monitor the mean and variance of the selected features,

respectively. The control limits for the control charts are constructed based on the features

obtained from Signal 1. The residual errors computed from the previous AR model and

subsequent new data (Signal 2 or Signal 3) are then monitored relative to the control limits. A

statistically significant number of features outside the control limits indicate a system transition

from Structural Condition 1 to Structural Condition 2.

2.5.1 Auto-Regressive (AR) Model
An AR model with p auto-regressive terms, AR(p), can be written as;

)()()(
1

tejtxtx
p

j
j +−= ∑

=

φ , (13)

where x(t) is a strain measurement observed at discrete time index t, and e(t) is an unobservable

random error (or residual error). In this study the AR coefficients φj’s are estimated by the Yule-

Walker method (Brockwell and Davis, 1991).

If the strain measurements are auto-correlated, constructing a control chart that ignores the

correlation can lead to charts that give many false alarms and charts that fail to signal when the

process being monitored has changed significantly. Because the strain measurements are heavily

correlated [see Figure 9 (a)], the auto-correlation is first removed by fitting an AR model to the

original strain data. The auto-correlation γ(τ) for x(t) is defined as

γ(τ)=E[x(t)x(t-τ)] , (14)

where τ is the time lag and E[•] denotes the expectation operation. The auto-correlation function

in Figure 9 is normalized as follows

)0(

)(
)(

γ
τγτρ = , (15)

which implies that ρ(0) = 1; ρ(τ) is often called an auto-correlation coefficient function.
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Initially, the order of the auto-regressive process to fit the time series is unknown.  This

problem is analogous to deciding on the number of independent variables to be used in a multiple

regression analysis.  If the order of the AR model is appropriately selected and if the time series can

be cast as AR model, the residuals from the fit should be nearly uncorrelated with no systematic

pattern.  There are a variety of techniques for choosing the model order, such as Akaike’s Information

Criterion (AIC) and partial auto-correlation analysis (Box et al., 1994).  In this study, the partial

auto-correlation analysis is conducted.  An AR(p) model shown in Equation (13) can be rewritten as

follows

)()()(
1

tejtxtx
p

j
pj +−= ∑

=

φ , (16)

where φ
pj
 denotes the jth coefficient in an auto-regressive representation of order p, so that φ

pp
 is the

last coefficient of AR(p) with lag p.  This quantity, φ
pp

, regarded as a function of lag p, is called the

partial auto-correlation function.  For an AR process of order p, the partial auto-correlation function

will be zero for lags greater than p.  However, since the theoretical correlation is unknown, the

partial auto-correlation is estimated from the data.  This estimated correlation would differ somewhat

from its theoretical counterparts.  Therefore, the partial auto-correlation of an actual AR(p) will not

be exactly zero even after lags greater than p, but they are considered effectively zero if the correlation

values are within the blue lines shown in Figure 11.  Here, the blue lines represent 2σφ limits of the

partial auto-correlations.  Assuming that the process is a AR(p) model, the estimated partial auto-

correlations of order p+1 and higher, are approximately independent and normally distributed with

zero mean and standard deviation σφ.  It can be shown that if n is the number of observations used

in fitting, 2
φσ =1/n (Box et al., 1994).  For Signal 1, the partial auto-correlation approaches zero

after lag 30.  Therefore, AR(30) is selected for the subsequent analyses.  Figure 10 (b) demonstrates

that after fitting the AR(30) model to Signal 1, the resulting residual errors, e(t), show practically no

correlation.  The auto-power spectrum of the residual errors shown in Figure 12 provides further

evidence that the resulting residual errors are uncorrelated.

Figure 10: Autocorrelation functions of Signal 1 and the corresponding residual errors.
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Figure 11: Partial autocorrelation function of Signal 1.

Figure 12: Power spectrum of the residual errors of Signal 1 (Nyquist frequency=22.44Hz,
∆f=0.001663Hz, no time window applied, number of data points=26980).
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2.5.2 PDF of Residual Errors

In the previous section, the AR model is constructed considering Signal 1 the “baseline” data.

When new data become available (for instance, Signal 2 or Signal 3 in this example), the new

measurement is predicted using the AR model, whose parameters were estimated from the baseline

data.  That is, using Equation (13), the current response x(t) of the new data is predicted from its

previous responses, and the AR coefficients estimated from the baseline data.  If the underlying

system has changed, the AR model will no longer fit the new measurements as well, and the

probability distribution of the residual errors will vary.

Figure 13 plots the residual errors of Signals 1, 2, and 3.  Note that all signals are normalized

according to Equation (6) before fitting the AR model to the signals and the AR model is estimated

from Signal 1.  Comparison of Figure 4 and Figure 13 reveals that residual errors are closer to a

random process than the actual strain measurement, and most of the skewness is removed during

this process.  Table 2 summarizes the basic statistics of the residual error time series.  More

quantitative analysis can be performed by comparing Table 1 and Table 2.  Again, the residual

errors eliminate most of the asymmetry.  However, the kurtosis values of Signals 2 and 3 have

increased.

Figure 13: Residual errors of individual signal after fitting an AR(30) model to the signal.

0 100 200 300 400 500 600 700
2

1

0

1

2

R
e
s
id

u
a
l

Signal 1

Data Point # = 26950
Time Period = 600.50 sec
∆ t = 0.02228 sec

0 100 200 300 400 500 600 700
 2

 1

0

1

2

R
e
s
id

u
a
l

Signal 2

0 100 200 300 400 500 600 700
 2

 1

0

1

2

Time (Sec)

R
e
s
id

u
a
l

Signal 3



21

Table 2:  Basic statistics of the residual errors

Time Series Mean STD Skewness Kurtosis
Residual 1 -1.2447e-005 0.1307 -0.0645 4.6419
Residual 2 5.1715e-005 0.0822 -0.3456 14.1446
Residual 3 2.4922e-005 0.0942 0.1050 16.1841

The standard deviations shown in Table 2 reveal that the residual errors of Signal 1 have a

larger standard deviation than those of the other two signals.  A similar result can be found in Figure

14, where the PDFs of the residual errors have been estimated with the Kernel density procedure.

Because the AR model was constructed based on Signal 1, a smaller standard deviation is expected

for Signal 1 than the others.  Again, it is very unlikely that the residual errors of the training data sets

are larger than those of new data sets.  This observation caused speculation that the AR model is not

fitting the time series well.  This issue will be discussed in more detail later in Section. 2.8.

2.5.3 Control Chart Analysis of Residual Errors

In Section 2.5.1 AR coefficients are first estimated by fitting an AR model to the time series

of Signal 1 using the Yule-Walker method (Box et al. 1994).  Then, an investigation is made to

determine how this AR model can predict or reproduce Signals 2 and 3.  The residual error is

defined as the difference between the newly obtained time series (in this example, either Signal 2 or

Figure 14: Probability density estimation of residual errors.

1 0.8 0.6 0.4 0.2 0 0.2 0.4 0.6 0.8 1
0

1

2

3

4

5

6

7

8

P
D

F

Residual Error

Signal 1
Signal 2
Signal 3



22

Signal 3) and the prediction of these time series obtained from the AR model.  This residual error is

used as the damage-sensitive feature for the subsequent control chart analysis.  The basic premise

of this approach is, “If the system has been changed since the AR model was constructed, this AR

model will no longer be able to predict or reproduce the newly measured time series, thus causing

changes in the probability distribution of the residual error.”  That is, when the system of interest

experiences abnormal conditions, the mean and/or variance of the extracted features are expected

to change.  To monitor these changes in the density function, a control chart analysis is employed

here.  In this study, X-bar and S control charts are employed to monitor the mean and variation

changes of the selected feature and to identify data points that are inconsistent with the past data

sets.  Several variations of the control chart analyses can be found in Montgomery, 1997.

Control limits are constructed using the baseline data (the residual errors from Signal 1).

Then, when a new data set becomes available, the new response data are predicted, and the residual

errors are computed.  When the plotted mean or variation value of the residual error goes beyond

the control limits, it is concluded that something has changed with the structure. A brief description

of X-bar and S control charts are described below.  A more detailed explanation regarding the

application of control chart analysis to damage diagnosis can be found in Sohn et al., 2000.

 To monitor the mean variation of the features using the X-bar control chart, the features are

first arranged in subgroups.  The elements of each subgroup are designated τ
ij
 (i=1,..., q and j=1,...,

p).  Here, τ
ij
 is the extracted feature from the previous section, i.e., the residual errors.  The value q

is the number of subgroups, and p is the size of individual subgroup.  The subgroup size p is often

taken to be 4 or 5 (Montgomery, 1997).  If p is chosen too large, a drift present in an individual

subgroup mean may be obscured, or averaged-out.  An additional motivation for the usage of

subgroups, as opposed to individual observations, is that the distribution of the subgroup mean

values can be reasonably approximated by a normal distribution as a result of central limit theorem

(Montgomery, 1997).  Next, the subgroup mean iX  and standard deviation S
i
 of the features are

computed for each subgroup (i = 1,..., q):

( )iji mean τ=X and )(S iji std τ= ,

where the mean and standard deviation are computed with respect to p observations in each subgroup.

An X-bar control chart is constructed by drawing a centerline (CL) at the subgroup mean and two

additional horizontal lines corresponding to the upper and lower control limits (UCL & LCL) versus

subgroup numbers (or with respect to time).  The centerline and two control limits are defined as

follows:

(17)
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)X(CL imean= ,
q

Z
S

CLUCL 2α+= , and
q

Z
S

CLLCL 2α−= , (18)

where the calculation of mean is with respect to all subgroups (i = 1,..., q).  The value Zα/2
 is the

percentage point of the normal distribution with zero mean and unit variance such that

P[z≥ Zα/2
 ] = α/2. The variance S2 is estimated by averaging the variance 2Si  of all subgroups:

)S(S 22
imean= . (19)

Note that if 
iX  can be approximated by a normal distribution following the central limit

theorem, the control limits in Equation (18) correspond to a 100(1-α) % confidence interval.  In

many practical situations, the distribution of features may not be exactly normal.  However, it has

been shown that the control limits based on the normality assumption can often be successfully

used unless the population is extremely non-normal (Montgomery, 1997).  If the system experienced

some change, this would likely be indicated by an unusual number of subgroup means outside the

control limits; a charted value outside the control limits is referred to as an outlier in this study.  The

monitoring of structural condition changes is performed by plotting iX values obtained from the

new data set along with the previously constructed control limits.  In general, the observation of a

large number of outliers does not necessarily indicate that the structure is damaged but only that the

system has varied to cause statistically significant changes in its vibration signatures.  This variability

can be caused by a variety of environmental and operational conditions that the system is subject to.

If environmental and operational parameters are measured, a multivariate control chart can be

developed to account for the variability.

To monitor variability within each subgroup, an S control chart can be constructed in a similar

fashion as an X-bar chart. For each subgroup the sample standard deviation of the residuals is

computed (S
i
 in Equation (17)). These sample standard deviations from each subgroup become the

charted values.  The upper and lower control limits (UCL and LCL) of the S control chart are

1
SLCLand

1
SUCL 1,21,21

−
=

−
= −−−

qq
qq αα χχ

, (20)

where 2
,npχ  denotes the pth quartile of a Chi-square random variable with n degrees of freedom,

and S is defined in Equation (19).  Again, in the examples α was chosen to be 0.01.
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The diagnostic results of X-bar and S control chart analyses are plotted in Figure 15 and

Figure 16.  Again, the X-bar and S control charts monitor the mean and variance changes of the

underlying process, respectively. The control charts are constructed using the residual errors obtained

from Signal 1 so that the control limits correspond to the 99% confidence interval of a normal

distribution.  However, a large number of outliers are observed even for Signal 1.  Although only

about 1% of residual errors are supposed to lie outside the confidence interval, about 2.45% (33

outliers out of 1347 sample points) and 9.13% (123 outliers out of 1347 sample points) of outliers

exist for the X-bar and S control charts of Signal 1, respectively.  This false-positive warning might

be attributed to several facts: (1) The signals are nonstationary and the AR linear prediction model

cannot capture the nonstationary nature of the underlying system.  (2) As shown Figure 10 (b), the

AR model did not completely remove the correlation between lags 1–8.  Therefore, the observations

within one subgroup are still somewhat correlated, and this underestimates the subgroup standard

deviation possibly resulting in false-outliers.  The bottom line is that the AR model employed here

and the subsequent analysis of the residual errors do not provide a good means of discrimination.

Figure 15: X-bar control chart. Figure 16: S control chart.
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2.6 Bispectrum and Bicoherence Analyses

2.6.1 Definition of Bispectrum and Bicoherence

The power spectrum is the decomposition of signal power in the frequency domain.  When

this concept is extended to higher orders, the result is called a polyspectrum.  More specifically, the

third-order polyspectrum is referred to as bispectrum.  The bispectrum is defined as the frequency

decomposition of the skewness, or third-order covariance function, of a signal.  The bispectrum

provides information regarding such signal features as phase coherence, which is absent in the

second-order power spectrum.  An important use of the bispectrum is the detection of nonlinearity.

Because of its sensitivity to nonlinearity, it is believed that the bispectrum has potential uses in the

area of structural health monitoring and damage detection.  For example, the bispectrum has been

shown to be an indicator of fatigue cracks in cantilever beams (Rivola and White, 1998) and has

been applied to damage detection in rotating machinery (Li et al. 1991).  Furthermore, higher order

measures such as the bispectrum are insensitive to Gaussian noise because the third-order cumulant

of such a Gaussian process will yield a zero bispectrum across all frequencies.

First, the third-order covariance (cumulant) function is defined as follows:

])()()([E),(3 ltxktxtxlkc ++= , (21)

where E[·]denotes the expectation operator.  For a discrete time series, the discrete bispectrum is

defined as the double Fourier transform of the third-order covariance function and can be expressed

as:

∑ ∑
∞

−∞=

∞

−∞=

−−=
k l

lifkiflkcffB )exp()exp(),(),( 21321 . (22)

The bispectrum is a function of two different frequencies ƒ
1
 and ƒ

2
, and only those bifrequencies (ƒ

1,

ƒ
2
) that fall within the following domain need be computed:

ƒ
1 
≤ ƒ

2
, and 2ƒ

1 
+ ƒ

2
 ≤ ƒ

s
(23)

where ƒ
s
 is the sampling frequency.  This triangular region is referred to as the Principal Domain,

and all bifrequencies outside of this domain are redundant as a result of the symmetric properties of

the bispectrum.  A peak in the bispectrum at the bifrequency (ƒ
1,
 ƒ

2
) indicates a coupling between

the three frequencies ƒ
1,
 ƒ

2
 and ƒ

3
(=ƒ

1
+ ƒ

2
) and their corresponding phases φ

1
, φ

2
 and φ

3
.  This

frequency and phase coupling is the result of a quadratic type of nonlinearity within the signal. (The

phase coupling will be demonstrated later using numerical examples.)
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In practice, a normalization of the bispectrum, referred to as the bicoherence, is commonly

used.  To normalize the bispectrum, the final estimate is divided by the product of the spectral

components:

(24)

where b(ƒ
1,
ƒ

2
) is the bicoherence, and C

2
(ƒ) is the Fourier transformation of the following covariance

function:

])()([E)(2 ktxtxkc += . (25)

This normalization measures the percentage of power at frequency ƒ
3
(=ƒ

1
+ƒ

2
) caused by wave

coupling.  The bicoherence removes the dependency on amplitude, or in other words, it is completely

independent of the power of the three waves.  The bicoherence measures the percentage of power at

frequency ƒ
1
+ƒ

2
 caused by signal coupling of components at ƒ

1
 and ƒ

2
. The bicoherence takes on an

amplitude value between 0 and 1.  A value of one indicates that all the energy at ƒ
1
+ƒ

2
 is from the

coupling of components at ƒ
1
 and ƒ

2
.  Therefore, this function can be used to detect the presence of

harmonics.

2.6.2 An Example Using a Synthetic Signal

In order to understand the properties of the bispectrum, a synthetic signal consisting of several

cosine components was generated.  Specifically, sixty-four independent realizations of the signal

were generated, each one containing 64 samples:

∑∑ ∑
= = =

+++=
p

k i
kk

q

k
kkikiki ttty

1

3

1 1

)2cos()2cos()( φλπβφπλα . (26)

The sample rate was chosen to be 400Hz.  One phase coupled triplet (p=1) was chosen at the

frequencies (λ
1i
) of 40Hz, 80Hz, and 120Hz, with amplitudes (α

1i
) of one.  Notice that 40Hz and

80Hz add to 120Hz, and for this reason are said to be frequency coupled.  In order to be phase

coupled, the phases of the sinusoids must also have the same additive relationship, with φ
11

 and φ
12

summing to φ
13

.  An additional harmonic for the uncoupled case (terms with an overbar) was chosen

at the frequency 160Hz.  This frequency of 160Hz was chosen intentionally to form a frequency

coupled relationship between 40Hz and 120Hz.  However, the corresponding phase of the 160Hz

component was chosen randomly, and thus does not exhibit the phase coupling.  The bispectrum

should only pick up on the terms that are frequency and phase coupled.  Note that, while the
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bispectrum of a linear time-invariant system is identical to zero, the bispectrum of y(t) in Equation

(26) will not vanish because of the presence of a quadratic nonlinearity (quadratic phase coupling)

in the system.

In Figure 17, it can be seen that both the bispectrum and the bicoherence reveal the phase and

frequency coupling between 40Hz and 80Hz .  The bispectrum does not show a peak at 40Hz and

120Hz because of the lack of phase coupling between these two frequency components with the

sum component of 160Hz.

(a) Bispectrum (b) Bicoherence

2.6.3 Application to the Strain Measurements

Figure 18 and Figure 19 show the bicoherence analyses of the raw time series.  For all signals,

some sort of frequency coupling is observed indicating the system nonlinearity.  However, the

coupling patterns, as shown in Figure 19, significantly vary from one signal to another.  Based on

the comparison of Figure 18, Figure 19, and Figure 6, the bicoherence produces more distinctions

between the signals than the FFTs.  However, it is still difficult to group Signals 1 and 2 together in

a quantitative manner.  Particularly, it is noted that the nonlinearity of Signal 2 is more severe than

that of the other two signals.  Therefore, given that there is no damage for Signals 1 and 2, it is again

doubted that Signal 1 and Signal 2 were recorded under the same operational condition.

Figure 17: (a) Bispectrum of synthetic signal, max peak at (40Hz, 80Hz)  (b) Bicoherence of
synthetic signal, broad peaks centered at (40Hz, 80Hz).
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Instead of employing the raw time series, similar bicoherence analyses are repeated using the

residual errors obtained in Section 2.5.1  The analysis results are reported in Figure 20 and Figure

21.  Although results were obtained that are similar to those obtained from the biocoherence analysis

of the original time series, the peaks of frequency coupling seem more distributed when the raw

time series are analyzed and compared to the biocoherence analysis of the residual errors.  It is

speculated that because the residual errors are closer to Gaussian noise than the raw time series, the

nonlinearity becomes more prominent when the residual errors are employed for the bicoherence

analysis.  (Again, note that the bicoherence analysis suppresses Gaussian noise processes and detects

nonlinearities in signals.)

Figure 18: Mesh plots of the bicoherence of the raw time series.

Figure 19: Contour plots of the bicoherence of the raw time series.
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Figure 20: Mesh plots of the bicoherence of the residual errors.

Figure 21: Contour plots of the bicoherence of the residual errors.

2.7 Spectrogram (Time-Frequency) Analysis

2.7.1 Definition of Spectrogram

Spectrogram computes the time-dependent Fourier transform of a signal using a sliding

window.  This form of Fourier transform is also known as the short-time Fourier transform and it

has numerous applications in speech, sonar, and radar processing.  The spectrogram first splits the

original signal into overlapping segments and applies a time window such as a Hanning window to

each segment.  Then, it computes the discrete-time Fourier transform of each segment to produce

an estimate of the short-term frequency content of the signal over the given time period.  Note that

for a signal from a time-invariant system, the frequency content should not change with respect to
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the time axis. That is, for a linear time-invariant system, it is expected to observe horizontal lines

across all time values. For example, consider a simple linear system consisting of four masses and

four springs.  The response at an arbitrary degree of freedom (DOF) can be represented as

∑
=

+=
4

1

)2sin(A)(
i

iii tfty φπ . (27)

If ƒ
i
 (i=1,…,4) are set to be 5.1Hz, 10.9Hz, 20.6Hz, 40.8Hz, respectively, the spectrogram of

y(t) displays four distinct horizontal lines as shown in Figure 22.  Here, the phase φ
i
 is determined

by the damping of the physical system, and the amplitude A
i
 is a function of the mode shape properties.

In this example φ
i
 and A

i
 are, however, randomly chosen between (-π, +π) and (-1, +1) to simplify

the problem.

Figure 22: A typical spectrogram of a linear time-invariant (LTI) system response.

2.7.2 A Numerical Example of Time-Frequency Analysis

To better understand the time-frequency analysis using a spectrogram, the spectrogram analysis

is applied to a simulated signal with multi-frequency components.  A 10-second time signal with

frequency components, 0.5Hz, 4Hz, 8Hz, and 30Hz, is generated from the following equation.

)(ty = )5.02sin(5.0 t×π + )42sin(1.1 t×π + )82sin(1.1 t×π + )302sin(2.0 t×π . (28)

where the time duration of the frequency components are 1–9 seconds, 0–5 seconds, 5–10 seconds,

and 2.2–2.5 seconds for 0.5Hz, 4Hz, 8Hz, and 30Hz frequency components, respectively.  For

example, the first frequency component,0.5sin(2π×0.5t), lasts from 1 to 9 seconds.  One thousand
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twenty-four points are sampled for the 10-second period resulting in Nyquist frequency of 51.2Hz.

Figure 23 shows the synthesized signal.  Note that a sudden frequency change is noticed around 5

seconds because of a transient from 1.1sin(2π×4t) to 1.1sin(2π×8t) in Equation (28).  However the

signal components corresponding to frequency value 30Hz are difficult to visually detect.

Figure 23:  A synthesized signal with multi-frequency components. (Number of data
points=1024; y(t)= 0.5sin(2π×0.5t)+1.1sin(2π×4t)+1.1sin(2π×8t)+2.0sin(2π×30t). The
time durations of each frequency component are 1–9 sec, 0–5 sec, 5–10 sec, and 2.2–
2.5 sec for 0.5Hz, 4Hz, 8Hz, and 30Hz frequency components, respectively.)

A time-frequency analysis of the synthesized signal is shown in Figure 24.  Here, a time-

frequency distribution of the signal is plotted using a short-term Fourier transform (spectrogram).

The signal is divided into segments with 256 time points, and a Hanning window is applied to each

segment before conducting the Fourier transform.  A 50% overlapping between time windows is

used.  Four peak amplitudes are clearly shown around 0.5Hz, 4Hz, 8Hz, and 30Hz in the frequency

axis.  The starting and ending time points of each frequency component are also shown in the time

axis.  The time duration of each frequency component seems to smear in the time axis.  For example,

the fourth signal component 0.2sin(2π×30t) in Equation (28) starts at 2.2 seconds and ends at 2.5

seconds.  However, the peak amplitude associated with this signal component smeared into a larger

area than it should have.  The time resolution of this time-frequency analysis can be improved by

employing a wavelet analysis.
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Figure 24:   Short-term Fourier transform analysis of the synthesized signal shown in Equation
(28) (Time window size=256 points, 50% overlapping, Hanning window applied).

2.7.3 Application to Strain Measurement

Now, the spectrogram analysis is applied to the strain measurement obtained from the fast

patrol boat.  For the spectrogram analysis, each signal is first split into overlapping segments with

a size of 256 points, and a Hanning window is applied to each segment.  Fifty percent overlapping

is set between two subsequent segments.

Figure 25 shows the spectrogram of Signals 1, 2, and 3, respectively.   As stated before, the

majority of the response energy is concentrated on the frequency range of 0–5Hz.  Particularly, two

distinct frequency peaks are observed near 0.5Hz and 3Hz, and there is an energy transmission

between these two frequencies.  Some fluctuation of the frequency contents with respect to time is

also observed.  This is an evidence of nonstationarity, and Signal 2 seems to exhibit more severe

nonstationarity than the other two signals.
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Figure 25: Time-frequency analysis of the normalized time signals.

Next, the spectrogram is computed after all three signals are concatenated together (Signal

1+Signal 2+Signal 3).  The spectrogram of the concatenated signal is shown in Figure 26.  The

distinct transitions of the frequency contents are shown at around 600 seconds and 1200 seconds.

Note that these time points (600 and 1200 seconds) correspond to the transition points either from

Signal 1 to Signal 2 or from Signal 2 to Signal 3.  Again, based on the visual inspection of Figure 25

and Figure 26, Signals 1 and 3 show more similarity than Signals 1 and 2, and the nonstationary

nature of Signals 1, 2, and 3 are revealed.  Although the visual inspection provided a qualitative

means of discriminating signals, it was difficult to draw any useful conclusion based on the visual

inspection.

Figure 26: Spectrogram analysis of the concatenated signal.
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2.8 AR(Auto-Regressive)-ARX (Auto-Regressive Model with Exogenous Inputs)

Analysis

As shown in the previous examples, there is a noticeable difference between Signals 1 and 2.

It seems extremely difficult to group Signals 1 and 2 together, and at the same time separate Signal

3 from them.  Therefore, a different approach is tried.  Here, the additional information that Signals

1 and 2 are obtained from the same structural condition of the system is utilized.

First, each signal is divided into two parts.  The first halves of Signal 1 and Signal 2 are

employed to generate the “reference database.”  The second halves of Signal 1 and Signal 2 are later

employed for false-positive studies.  In this example, signal “blocks” in the reference database are

generated by further dividing the first halves of Signal 1 and Signal 2 into smaller segments.  These

reference signals are considered to be “the pool” of signals acquired from the various operational

conditions, but from a known structural condition of the system. (In this example, Signals 1 and 2

are assumed to have been measured under different operational conditions of the surface-effect fast

patrol boat.  However, it is also known that these two signals correspond to the same structural

condition of the system.)  When a new signal is recorded (for example, when Signal 3 is measured

in this example), this signal is divided into smaller segments, as was done for the blocks in the

reference database. Then, the signals in the reference database are examined to find a signal block

“closest” to the new signal block.  Here, the metric, which is defined as the distance measure of two

separate signal segments, is subjective.  The detailed formulation of the metric used in this study

and the definition of the “closeness” will be described later on.

This approach is based on the premise that if the new signal block is obtained from the same

operational condition as one of the reference signal segments and there has been no structural

deterioration or damage to the system, the dynamic characteristics of the new signal should be

similar to those of the reference signal based on some measure of “similarity.”  That is, if a time

prediction model, such as AR, auto-regressive and moving-average (ARMA), or auto-regressive

models with exogenous inputs (ARX), is constructed from the selected reference waveform, this

prediction model also should work for the new signal if the signal is “close” to the original.  For

example, if the second half of Signal 1 is assumed to be a new blind-test signal, the prediction

model obtained from the first half of Signal 1 should reproduce the new signal (the second half of

Signal 1) reasonably well.  On the other hand, if the new signal is recorded under a structural

condition different from the conditions where reference signals are obtained, the prediction model

estimated from even the “closest” waveform in the reference database should not predict the new

signal well.  For instance, because Signal 3 is measured under the different structural condition of

the system, the prediction model obtained from either Signal 1 or Signal 2 would not predict Signal

3 well even if “similar” waveforms are analyzed.  Therefore, the residual errors of the “similar”

signals are defined as the damage-sensitive features, and the change of the probability distribution

of these residual errors is monitored to detect system anomaly.
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In general, a linear time-prediction model cannot capture the dynamic characteristics of

nonlinear time series well.  To overcome this problem, a “local” modeling approach is employed.

Instead of fitting a linear model to the entire time series, the time series is divided into small segments,

and a linear model is fit into each local region of the time series.  That is, although the local prediction

model is linear, the parameters of the linear model adapt to the data in each region of the time series.

The procedure is described below in detail.

2.8.1 Procedure

1. All three signals are decimated by a factor of four.  This decimation reduces the original

sampling rate of the signal, 44.88Hz, to a lower rate, 11.22Hz.  The decimation process first

filters the signal with an eighth-order lowpass Chebyshev type I filter for better anti-aliasing

performance.  (The cutoff frequency is set to be (0.8/R)´(F
s
/2).  Here, F

s
 is the original

sampling rate, 44.88Hz, and R is the decimation rate, 4.)  Then, the decimation process re-

samples the resulting filtered signal at the lower rate of 11.22Hz (Oppenheim and Willsky,

1996).  Each signal consists of 26980 points with the duration of 601.1667 seconds and

results in a sampling rate of 44.88Hz (=26980/601.1667Hz).  This sampling rate corresponds

to the Nyquist frequency of 22.44Hz.  Because the response is mainly observed in the

frequency range of 0–5Hz, the signal is re-sampled at every fourth point resulting in the

Nyquist frequency of 5.61Hz.

2. Next, an individual signal is divided into two parts.  The first halves of Signal 1 and Signal

2 are employed to generate the reference database.  Because each signal consists of 6745

(=26980/4) points after decimation, the first half of the signal is now composed of 3372

points.  This 3372 point signal is further divided into smaller overlapping segments.  The

length of a single segment is set to be 1148.  (The selection of this segment length is described

later.)  Therefore, 2225 (=3372–1148+1) overlapping segments are generated from the first

half of Signal 1 using a moving time window with 1148 time points.  In a similar manner,

2225 segments are obtained from the first half of Signal 2.  Therefore, the reference database

consists of a total of 4450 signal blocks.

3. Signal 3 is divided into two parts in the same fashion as in Step 2 and assume either the first

or second half of Signal 3 as a new data set.  In this example, the whole procedure is

demonstrated using the second half of Signal 3. The second half of Signal 3 is further divided

into three segments.  Note that each segment has the same length of 1148 time points as all

the reference signal blocks2.

2 This calculation of a segment length is rather complicated.  As a rule of thumb, the length of a segment is approximately 3372/3≈1148.  To be
more precise, each segment length is set to be the closest integer to (3372–q)/3+q. Here, q=max(a,b)+p+1. Values a, b, and p are defined in
Equations (32) and (29), respectively. (In this example, a=b=5 and p=30. Therefore, q=36.)  Furthermore, between two consecutive segments, q
numbers of points are overlapped.  That is, when the second half of Signal 3 is divided into 3 segments, each segment has 1148 time points, and
all three segments add to 3372 (=3×1148–2×36) points.
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4. For each segment of the new data, the reference signals are looked up, and the signal segment

that is “closest” to the newly obtained one is found.  This procedure can be interpreted as a

normalization procedure that finds a reference signal segment recorded under a similar

“operational” or “environmental” condition as the newly measured one.  The “closeness”

between two blocks is measured in the following manner.

4.1. For each segment x(t) from the reference database, construct an AR model with p

auto-regressive terms. In this example, an AR(30) is constructed, and an AR(p) model

can be written as

)()()(
1

tejtxtx x

p

j
xj +−= ∑

=

φ . (29)

This step is repeated for all 4450 segments in the reference database.

4.2. Employing a new segment y(t) obtained from the second half of Signal 3, repeat Step

4.1 (Again, segment y(t) has the same length as segment x(t):

)()()(
1

tejtyty y

p

j
yj +−= ∑

=

φ (30)

Then, the signal segment x(t) closest to the new signal block y(t) is defined as the one

that minimizes the difference of AR coefficients:

Difference = ∑
=

−
p

j
yjxj

1

2)( φφ . (31)

5. It was assumed that the strain measurements are significantly affected by varying sea states.

Therefore, it is necessary to separate the changes in the system response caused by the

varying structural conditions from changes caused by varying sea states. It is assumed that

the error between the measurement and the prediction obtained by the AR model e
x
(t) in

Equation (29) is mainly caused by the unknown external input.  Based on this assumption,

an ARX model (auto-regressive model with exogenous inputs) is employed to reconstruct

the input/output relationship between e
x
(t) and x(t). (An ARX model is basically identical to

an ARMA (Auto-Regressive and Moving-Average) model expect that the input to the ARX

model is a known external input rather than white noise.)  That is, considering the error term

e
x
(t) an exogenous input to the system, an ARX(a,b) model is fit to the data to capture the

input/output relationship between e
x
(t) and x(t).  The ARX model is defined as



37

∑∑
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where ε
x
(t) is the residual error after fitting the ARX(a,b) model to the e

x
(t) and x(t) pair.

The feature for the classification of damage status will later be related to this quantity, ε
x
(t).

ARX(5,5) is used in this example.  Here, the a and b values of the ARX model are set rather

arbitrarily.  However, similar results are obtained for different a and b values as long as the

sum of a and b is kept smaller than p (a+b≤p).

6. Next, an investigation is made to determine how well the ARX(a,b) model estimated in

Equation (32) reproduces the input/output relationship of e
y
(t) and y(t):

∑∑
==

−−−−=
b

j
yj

a

i
iy jteitytyt

01

)()()()( βαε , (33)

where e
y
(t) is considered to be an approximation of the system input estimated from Equation

(30).  Again, note that the α
i
 and β

j
 coefficients are associated with x(t) and obtained from

Equation (32).  Therefore, if the ARX model obtained from the reference signal block x(t)

was not a good representative of the newly obtained signal segment y(t) and e
y
(t) pair, there

would be a significant change in the probability distribution of the residual error, ε
y
(t).

7. Finally the ratio of σ(ε
y
)/σ(ε

x
) is defined as the damage-sensitive feature in this particular

example.  Here, σ(ε
y
) and σ(ε

x
) are the estimated standard deviations of ε

y
(t) and ε

x
(t),

respectively.  If the ratio of σ(ε
y
)/σ(ε

x
) becomes larger than some threshold value h (>1),

(34)

the system is considered to have undergone some structural system changes.  However, in

order to establish the threshold value, test data need to be acquired under different opera-

tional conditions, and the probability distribution of σ(ε
y
)/σ(ε

x
) first needs to be estimated.

Because the data sets provided are limited, the construction of the threshold value based

on a rigorous statistical analysis is not achieved in this study.

The proposed AR-ARX approach is summarized below (see Figures 27-33) showing the training

quantities in blue and testing quantities in red:

Step 1: Filter all three signals using a low-pass Chebyshev type I filter and resample at a lower

sampling rate, R=4.

h
)(

)(
>

x

y

εσ
εσ

,
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Figure 27: Decimation of all three signals using a low-pass Chebyshev Type I filter and
resampling rate, R=4.

Step 2: Divide Signals 1 and 2 into two halves. (The first halves of the signals are used to generate

a reference database, and the second halves are used for false-positive studies.)

Figure 28:  Division of Signals 1 and 2 into training and testing data sets.

Step3: To generate a reference database, further divide the first half of Signal 1 into 2225 overlapping

segments with 1148 time points. The first half of Signal 2 is divided in the same way resulting

in a total of 4450 segments for the reference database.

Figure 29: Construction of the reference database from the first halves of Signals 1 and 2.
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Step 4: Divide either the first or second half of Signal 3 into three segments with 1148 points.

Figure 30: Division of Signal 3 into three segments.

Step 5: Fit AR(30) models to all segments x(t) in the reference database and each segment y(t) in the

test data.

Step 6: For a given test segment y(t), find a segment x(t) in the reference database such that the

difference in AR coefficients is minimized.

Figure 31: Data Normalization Procedure.
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Step 7: Fit an ARX model to the input/output relationship of the e
x
(t) and x(t) pair from the segment

closest to y(t).

Step 8: Using the ARX coefficients estimated in Step 7, calculate residual errors for the given segment

y(t).

Figure 32: The computation of the residual errors, ε
x
(t) and ε

y
(t).

Step 9: Develop the standard deviation ratio of the residual errors, σ(ε
y
)/σ(ε

x
).

Figure 33: Data generation procedure for 20 random tests.
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2.8.2 Application to the Data of Surface-Effect Fast Patrol Boat

The first example is conducted using the first half segments of Signals 1 and 2 as the reference

database.  Here, the first half of Signal 3 and the second half segments of Signals 1, 2, and 3 are

employed as four testing segments with 3372 time points.  Figure 34 shows the measured time

series of the four testing segments and the corresponding prediction estimated using the ARX (5,5)

models as prescribed in Section 2.8.1.  In Figure 35, the responses in the range of 100–120 seconds

are enlarged for better comparison. Figure 36 displays the corresponding residual errors ε
y
(t) as

defined in Equation (33).  If the system has experienced a change in structural condition, the standard

deviation of new data, σ(ε
y
) defined in Equation (34), is expected to increase compared to the

standard deviation of the reference signal, σ(ε
x
).  For example, as shown in the first row of Table 3,

σ(ε
y
) of the second half of Signal 1 increased about 57% from that of the selected reference signal

blocks.  (As mentioned earlier, each testing time series consist of 3372 points, and they are further

divided into 3 segments with 1148 points.  Values σ(ε
y
) and σ(ε

x
) are computed based on all the

residuals obtained from these three segments.)  A smaller increase in standard deviation, 26%, is

observed for the second half of Signal 2.  However, as expected, the standard deviations of the first

or second halves of Signal 3 significantly differ from those of the selected reference signals.  The

standard deviations of the residual errors increased by 126% and 128%, for the first and second

halves of Signal 3, respectively.  A similar analysis, using the second half segments of Signals 1 and

2 as the reference signals, is presented in the second row of Table 3.  In this second example, the

first half segments of Signals 1, 2, and 3, and the second half of Signal 3 are employed as testing

data sets.  Again, a larger value in the σ(ε
y
)/σ(ε

x
) ratio is found for the residuals from Signal 3 than

those from either Signal 1 or Signal 2.

Third, similar tests are repeated 20 times by randomly drawing testing signal blocks from

Signals 1, 2, and 3 (see Figure 33).  For the first 10 random tests, the first halves of Signals 1 and 2

are used as the reference signals, and 10 testing signal blocks are sampled from each of the first half

of Signal 3 and the second half segments of Signals 1, 2 and 3.  That is, 4 signal blocks are sampled

from Signals 1, 2, and 3 for an individual test.  Each signal block consists with 1148 time points as

done in the previous examples.  Testing blocks for the next 10 tests are collected from the first

halves of Signals 1, 2, and 3, and the second half of Signal 3 because the second halves of Signals

1 and 2 are used as the reference signals.  To summarize, 20 blocks are sampled from either the first

or second half of Signal 1 depending on which portion of Signal 1 is used as part of the reference

database.  In a similar way, 20 blocks are drawn from Signal 2.  An additional 40 blocks are collected

from Signal 3 (20 from the first half and another 20 from the second half).  The σ(ε
y
)/σ(ε

x
) ratios for

these testing blocks are summarized in Table 4.  On average, the 20 testing blocks sampled from
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Figure 34: Comparison of the measured vs. predicted signals.
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Figure 35: Comparison of the measured vs. predicted signals (zoomed).
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Figure 36: Comparison of residual errors of testing and reference signals.
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Signal 1 Signal 2 Signal 3
Extracted
Feature First half Second half First half Second half First half Second half

reference† 1.5667 reference† 1.2609 2.2625 2.2811

)(
)(

x

y

εσ
εσ

1.5045 reference† 1.3995 reference† 2.6209 2.5827

Table 3: Extracted feature: standard deviation ratio of the residual errors.

† Signal segments with the “reference” notation are used as part of the reference database.

Table 4: The standard deviation ratios for randomly selected signal blocks

† The first halves of Signals 1 and 2 are used as the training database, and the testing blocks are sampled from the
second halves of Signals 1 and 2.
‡ The second halves of Signals 1 and 2 are used as the training database, and the testing blocks are sampled from the
first halves of Signals 1 and 2.

σ(ε
y
)/σ(ε

x
)

Test # Sampled from Sampled from Sampled from the Sampled from the
Signal 1 Signal 2 1st half of Signal 3 2nd half of Signal 3

1† 1.6915 1.1345 2.2173 1.9195
2† 1.2367 1.4677 1.9042 2.0268
3† 1.6073 1.1104 1.9582 2.6095
4† 1.4323 1.5986 2.2655 1.8834
5† 2.0823 1.1347 2.9996 2.1371
6† 1.2297 1.3441 2.3015 2.0779
7† 1.6005 1.1093 2.3700 2.6070
8† 1.8383 1.1276 1.9411 2.5943
9† 1.4310 1.1927 1.7665 2.7302
10† 1.4383 1.6307 1.9356 1.8852
11‡ 1.2366 1.1643 2.1586 2.1232
12‡ 1.7118 1.6917 2.0868 2.4621
13‡ 1.3295 1.4766 2.0961 2.9358
14‡ 1.7655 1.7076 2.5354 2.1655
15‡ 1.2981 1.8125 2.6723 1.6629
16‡ 1.7632 1.7002 1.6828 2.5209
17‡ 1.3062 1.2913 2.7374 2.9335
18‡ 1.2767 1.8002 2.0038 2.9185
19‡ 1.7426 1.6811 1.9682 2.9864
20‡ 1.3568 1.4662 2.2023 2.2465

Average 1.5187 1.4321 2.1902 2.3713
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In Figure 37, separation of Signal 3 from Signals 1 and 2 is attempted by setting the threshold

value in Equation (34) to be 1.85.  This threshold value (h=1.85) results in only 4 misclassifications

out of 80 tested cases.  That is, 95% of the tested blocks are correctly assigned to their structural

conditions.  Note that the threshold value employed here is established in rather an ad hoc manner.

When more test data become available, the threshold value should be established based on a more

rigorous statistical approach.  However, it was shown that Signal 3 is somehow different from

either Signal 1 or Signal 2 employing the additional information that Signals 1 and 2 are obtained

from the same structural condition.  The same procedure also shows that Signals 1 and 2 are similar.

The additional studies with randomly selected testing signals showed no false-positive indication

of damage, and discriminate Signal 3 from Signals 1 and 2 with a 95% success rate.  It should be

noted that the separation of the two structural conditions is conducted in a supervised learning

mode because the construction of the threshold value requires the acquisition of data from both of

structural conditions.

Figure 37: Separation of Signal 3 from Signals 1 and 2 using the ARX residual errors.
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2.9 Principal Component Analysis of AR Coefficients

The statistical process control approach in Section 2.5.1 uses the AR model as a means of

computing residual errors, which can be considered a univariate feature. However, the AR parameters

themselves in Equation (13) can be considered as a multivariate feature that characterizes a given

signal.

In order to investigate the AR parameters as a feature, the same decimation and windowing

strategy used to generate the moment statistics in Section 2.2 was adopted. A 1000 point window

was moved through the time series for each signal, and the parameters for an AR(30) model were

extracted. As before, 213 feature vectors were obtained for each signal. The features were

concatenated, and a PCA was performed as done before in Section 2.2. For visualization purposes,

the projections onto the first two principal components were computed, and the results are plotted

in Figure 38. It can be seen that the Signal 3 distribution is distinct from those of Signals 1 and 2.

More significantly, the features for one and two show some overlap. Unlike the situation for the

moment data, any data interpolating between Signals 1 and 2 would remain distinct from the Signal

3 cluster, so it appears that a good initial feature vector has been found (the AR parameters), and an

effective feature extraction process (PCA) has presented itself.

Figure 38: AR parameters for Signals 1 to 3 projected on to the first two principal components.
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Figure 39: Kernel density estimates of PDFs for signals projected onto the first principal
component.

2.10 Outlier Analysis Using AR Coefficients

2.10.1 Outlier Analysis

Outlier analysis and removal has long been a concern of statisticians, and the subject has a

large literature. The standard reference, though, is Barnett and Lewis (1994). A study of direct

relevance to structural health and condition monitoring can be found in Worden, et al. (2000). As

before, only the briefest survey is given here for the sake of completeness.

A discordant outlier in a data set is an observation that is surprisingly different from the rest

of the data and therefore is believed to be generated by an alternative mechanism. The discordance

of the candidate outlier is a measure, which may be compared against some objective criterion. This

measure allows the outlier to be judged to be statistically likely or unlikely to have come from an

assumed generating model. For damage detection purposes, the generating model is simply the

normal condition features of the machine or structure.

The case of outlier detection in univariate data is relatively straightforward in that outliers

must “stick out” from one end or the other of the data set distribution. There are numerous discordance

tests but one of the most common, and the one whose extension to multivariate data will be employed

later, is based on deviation statistics and given by

It is clear from the visualization that the projection onto the first principal component is

sufficient to separate Structural Condition 1 (Signals 1 and 2) from Structural Condition 2 (Signal

3). In fact, the first principal component contains 85% of the variance of the initial 30-dimensional

set. Figure 39 shows density estimates for the one-dimensional projection for all three signals. A

threshold at about –2 is an effective delineator. PCA has provided a single dimensional feature that

unambiguously separates Structural Condition 2 from Condition 1.
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s
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ς , (35)

where xζ is the potential outlier, and x and s are the sample mean and standard deviation,

respectively. The latter two values may be calculated with or without the potential outlier in the

sample depending upon whether inclusive or exclusive measures are preferred. This discordance

value is then compared to some threshold value and to determine if the observation is an outlier3.

In general, a multivariate data set consisting of n observations in p variables may be

represented as n points in p-dimensional object space. It becomes clear that detection of outliers

in multivariate data is more difficult than in the univariate case due to the potential outlier having

more “room to hide.”

The discordance test, which is the multivariate equivalent of Equation (35), is the

Mahalanobis squared distance measure given by

)()( 1T xxsxx −−= −
ξξςD , (36)

where ςx is the potential outlier vector, x is the mean vector of the sample observations, and s

is the sample covariance matrix.

As with the univariate discordance test, the mean and covariance may be inclusive or

exclusive measures. In many practical situations the outlier is not known beforehand, and so the

test would necessarily be conducted inclusively. In the case of on-line damage detection, the

potential outlier is, however, always known beforehand. (It is simply the most recently sampled

point). Therefore, it is more sensible to calculate a value for the Mahalanobis squared distance

without this observation “contaminating” the statistics of the normal data. Whichever method is

used, the Mahalanobis squared distance of the potential outlier is checked against a threshold

value, as in the univariate case, and its status determined.

Determination of the rejection threshold is critical. This value is dependent on both the number of

observations and the dimension of feature space being selected. A Monte Carlo method was used here to

arrive at the threshold value. The procedure for this method was to construct a p ×n (dimension of

feature space × number of observations) matrix with each element being a randomly generated

number from a normal distribution with zero mean and a unit variance. The Mahalanobis squared

3Here outlier detection is used synonymously with novelty detection. The idea is to associate a new state of the
system with the outliers. This use is distinguished from other uses of the outlier analysis in statistics, where the
outlier may simply result from a fault in the data capture and be removed in order that it not bias any statistics
estimated on the other data. 
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distances were calculated for all the p-vector components, using Equation (36) where x and s

are inclusive measures, and the largest value stored. This process was repeated for at least 1000

trials whereupon the array containing all the largest Mahalanobis squared distances was then

ordered in terms of magnitude. The critical values for the 5% and 1% tests of discordance are

given by the Mahalanobis squared distances in the array above which 5% and 1% of the trials

occur. This process is rather time-consuming and even more so if an exclusive threshold is

required; fortunately a simple formula is available that converts inclusive to exclusive thresholds

and vice-versa (Barnett and Lewis, 1994).

Note that there is an implicit assumption throughout that the normal condition set has a

Gaussian distribution. This assumption will not generally be true. However, if the deviations

from the normality are small, i.e., the true distribution is unimodal and has appropriately

weighted tails, the outlier analysis may work very well. Considering the data shown in Figure 5,

the features from Structural Condition 1 (Signal 1 and 2) would clearly have a bimodal density.

It would be possible to use outlier analysis here, but it would give an extremely conservative

diagnostic, as a Gaussian with high variance would be needed to adequately cover both clusters.

In the case of Figure 5, the fitted Gaussian distribution would almost certainly encompass the

features from Signal 3 and would be incapable of showing them to be novel. If the normal

condition set is multimodal or deviates significantly from a Gaussian distribution, other methods

would be generally used. Possible alternatives include density estimates (Bishop, 1995 and

Tarassenko, 1995) or auto-associative networks (Pomerleau, 1993, Worden, 1997).

2.10.2 Application to the Data of Surface-Effect Fast Patrol Boat

The 30-dimensional AR parameters used in Section 2.5.1 were used again for an outlier

analysis. The training data were composed of half of Signal 1 and Signal 2. In order to

compensate for the nonstationarity of the AR parameter sequence, the training data and testing

data were taken alternately from the relevant feature sets. This sampling procedure means that

the training data are sampled from the whole time range of the record. The testing data

comprised the remaining features from Signals 1 and 2 together with all the features from Signal

3. The resulting outlier statistic is shown in Figure 35. The threshold is the 99.99% confidence

threshold; any values above this threshold have a less than 0.01% probability of arising as a

random fluctuation on the normal condition set. There is an extremely clear separation between

Structural Condition 1 and Structural Condition 2, also note that all points in the testing set from

Signals 1 and 2 are well below threshold implying no false-positive indication of change in the

structural condition.



51

Figure 40: Outlier statistic for Signals 1 to 3.
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3 SUMMARY

Staff at NRL provided data corresponding to three time histories measured on a Norwegian

surface-effects fast patrol boat with fiber-optic strain gages. They specified that Signal 3 was obtained

when the boat was in a different structural condition than when Signals 1 and 2 were obtained.

Also, the structural condition was the same when Signals 1 and 2 were obtained.  Following LANL’s

statistical pattern recognition paradigm for structural health monitoring and noting that the operational

evaluation and data acquisition portions of this paradigm had been completed by NDRE and NRL,

this study tried to identify features from the strain time histories that will distinguish Signal 3 from

Signals 1 and 2.  These same features must also show that Signals 1 and 2 are not significantly

different.

The process of feature extraction began by first looking at statistics of the strain time histories

such as mean amplitude, standard deviation, skewness, and kurtosis. Also, probability density

estimations were plotted along with Fourier spectra of the signals.  Observations of these values or

plots showed no consistent trend that could be used to distinguish Signal 3 from Signals 1 and 2.  In

many cases, features such as the mean value, standard deviation, and kurtosis made it appear that

Signal 2 was more similar to Signal 3 than to Signal 1. The plots of the Fourier spectra and the

probability density estimates are consistent with the observation that Signal 2 appears more similar

to Signal 3.  The conclusion from this portion of the analysis was that environmental conditions

such as sea states or operational conditions such as the boat speed were making it extremely difficult

to distinguish between the two structural states.  Finally, the assumption was made that the large

number of negative peaks observed in the Signal 2 time history are the result of the boat’s hull

repeatedly impacting waves.  However, there is no way to verify that this assumption is accurate

based on the information provided by NRL.  Note that the negative peaks observed in Signal 2

manifest themselves in the form of a larger skewness value when compared with the other signals

and a corresponding distorted probability density estimation.

An additional analysis of the first four statistical moments was performed using principal

component analysis. Two hundred thirteen estimates of these moments were obtained from

overlapping windows of the time series data, which were concatenated and decomposed using

PCA. The projections onto the first two principal components were then extracted. The moment

data showed that the features corresponding to the three signals are separable in the two-dimensional

projection. Because PCA is a linear orthogonal transformation, the data must be separable in the

original four-dimensional space as well. However, the features for Signal 3 sit between those for
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Signals 1 and 2. This observation eliminates the moment statistics as useful features for structural

condition assessment. Because Signals 1 and 2 clearly do not represent a full range of the operational

and environmental conditions for Structural Condition 1, the clusters corresponding to Signals 1

and 2 are disjointed. For the full range of normal operational and environmental conditions, the

features from these data would be expected to interpolate between the features of Signals 1 and 2.

This full range of features would overlap substantially with those of Signal 3 making it difficult to

classify Signal 3 as novel from those data collected when the boat was in Structural Condition 1.

Next, residual errors between AR models that were fit to the measured strain data and the

actual data were used as damage-sensitive features.  An auto-correlation analysis was first performed

in an effort to estimate the appropriate AR model order so that correlation in the residual errors

would be minimized.  The AR model was first estimated from a fit to the Signal 1 strain time

history.  This same model was then used to predict each of the measured strain time-histories and

calculate the respective residual errors.  As with the analysis of the strain time histories, the basic

statistics of the residual errors (mean, standard deviation and kurtosis) showed that the Signal 2

appears to be more closely related to Signal 3 than to Signal 1.  A statistical procedure commonly

referred to as a control chart was used to further analyze the similarities and differences between the

three residual error time-histories.  The two control charts that were employed, X-bar and S control

charts, examine change in the mean value and standard deviation of the residual errors.  Again, the

results of this statistical analysis show that Signal 2 appears to be more closely related to Signal 3

than to Signal 1.

The bicoherence and spectrogram were used to qualitatively identify damage-sensitive features.

The bicoherence was applied to the strain time histories and the residual error time histories in an

effort to identify coupling between frequencies that may be indicative of damage.  No consistent

trends related to the two structural states could be identified through the qualitative visual inspection

of the bicoherence.  The spectrogram, which computes a moving-time-window Fourier spectrum,

can be used to identify nonstationary system response.  Similarly, this analysis did not show any

qualitative trends that could be used to distinguish the two different structural conditions.

In an effort to normalize the data and remove operational and/or environmental effects, the

residual errors from the AR model were assumed to be primarily related to the unmeasured system

input.  These residual errors were considered as the input and an auto-regressive model with

exogenous inputs (ARX) was fit to the measured strain time-histories.  The residual errors from the
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ARX model were then used to generate damage-sensitive features.  The actual damage-sensitive

feature was the ratio of the standard deviations of the residual errors from the similar portions of the

two signals being analyzed.  A key aspect of this analysis was that the damage-sensitive feature was

generated from portions of the various strain time histories that were “similar.”  Here the similar

portion is defined as portions of the signals where the difference in the AR coefficients from the two

signals was minimized.  This search of a similar signal could be interpreted as a normalization

procedure to find a signal portion, which is recorded under a similar operation condition as the

newly obtained signal, from the existing database.  The feature employed in this study, the standard

deviation ratio, showed a clear distinction between Signal 3 and Signals 1 and 2.  Also, Signals 1

and 2 appeared to be similar when compared through this feature.  To validate the proposed approach,

80 signal segments were randomly sampled for damage classification.  Out of 80 tested cases, there

were only 4 misclassifications.  That is, 95% of the tested signal blocks are correctly assigned to

their actual structural conditions.  Finally, out of 40 segments obtained from Signals 1 and 2, there

was only one false-positive indication of damage, and the rest of 39 cases are correctly assigned to

“Structural Condition 1.”

The final analysis shown here makes use of outlier analysis in order to separate the two

structural conditions. In contrast to the previous analysis in which AR models were used to generate

residual errors (univariate features), this procedure used the AR coefficients themselves as

multivariate features. The analysis proved very successful in separating Signal 3 from Signals 1 and

2 despite the underlying assumption that the distribution of Structural Condition 1 data was Gaussian.

Note that the process of feature extraction also required a number of assumptions. A moving window

was passed over the data, and the AR parameters were extracted from each window. The window

size and the window overlap are parameters that need to be specified a priori, and these specifications

should be justified. The window size affects the accuracy to which the AR parameters can be

measured, and the window overlap controls the degree of correlation between estimates from adjacent

windows in the sequence.

As shown here, there have been a lot of “design parameters” or “knobs” assigned rather

arbitrarily throughout this study.  Other examples of design parameters include the time window

size for spectrogram analysis, the order of AR or ARX models for residual error calculation, the

type and order of filtering for decimation, and the choice of a kernel function and a smoothing

parameter for kernel density estimation, the subgroup size in control chart analysis, and so on.

These design parameters undoubtedly affect the analysis results that were presented in this study,
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and the optimum values for these parameters should be sought. However, instead of fully addressing

this issue, the design parameters were mainly determined based on previous experience of similar

problems and trial-and-errors.

The conclusion from this study is that if the signals are properly normalized, the two different

structural conditions can be identified. However, the ability to accomplish this discrimination was

highly dependent on a priori knowledge that Signal 3 corresponded to a different structural state

than that of Signals 1 and 2.  Also, the knowledge that Signals 1 and 2 came from the same structural

state was necessary to develop the normalization procedure.  That is, the discrimination procedure

was developed in a supervised learning mode.  However, the normalization procedure does not

require the measure of environmental or operational variations of a system. No need for such

measurement becomes a significant advantage for a variety of structures including the fast patrol

boat presented here.  For example, the ability to measure sea states in the case of the fast patrol boat

can be extremely difficult.

It should be pointed out that the procedure developed has only been verified on a limited

amount of data.  Ideally, it would be necessary to examine many time records corresponding to a

wide range of operational and environmental cases as well as different damage scenarios before

one could state with confidence that the proposed method is robust enough to be used in practice.

Finally, the analyses performed in this study only identify that the structural condition has changed.

Analysis of a sensor array is necessary if one is to locate the changing structural condition and, most

likely, poses other challenges that have not been encountered in this study.
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APPENDIX 

In this appendix, the theory behind the AR-ARX model presented in the report is briefly

summarized, and the advantage of the AR-ARX model over the ARMA model is illustrated

using synthetic data.

A.1 ARMA MODEL 

A general ARMA model can be represented by the following equation:
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Here a and b are the orders of auto-regressive and moving-average terms, respectively. The value

ε(t) is a unknown white noise process. To estimate the ARMA model, αi, βj, and ε(t) in Equation

(A1) need to be estimated simultaneously. This approach generally requires an iterative

procedure to solve a general nonlinear optimization. Alternatively, the parameters of the ARMA

model can be estimated by a two-stage linear identification process described hereafter (Mayne

and Firoozan, 1982).

Hannan and Kavalieris (1984) show that a high-order AR model is able to approximate any

ARMA models arbitrarily well. Then, by fitting a high-order AR model to x(t) in Equation (A1),

the estimate of the unknown white noise input, e(t), can be obtained:
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where e(t)(= ε̂ (t)) is the estimate of ε(t) in Equation (A1). φxj is the auto-regressive term, and p is

the order of the AR model. Note that the order of this AR model needs to be larger than the sum

of the ARMA orders in Equation (A1). That is, p≥a+b.

Next, an ARX model is formed to estimate the input/output relationship between e(t) and x(t):
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Now, αi, βj, can be obtained by an instrumental variable method (Ljung, 1987). (This

instrumental variable method is basically similar to solving simple least squares equations.) For

example, if an instrumental variable vector is introduced,

ϕ(t) = [x(t –1) ... x(t–a) e(t–1) ... e(t–b)]T. (A4)
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Equation (A3) becomes

θϕε T)()()( ttxt −= , (A5)

where θ=[α1 ...αa β1 ... β b]
T .

The least square estimate of θ, which minimizes ε(t), can be shown to be
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Therefore, by using a two-step linear approximation procedure (AR-ARX modeling: AR fitting

in the first step and ARX estimation in the second step), the parameters of the original ARMA

model in Equation (A1) is estimated without solving a complicated nonlinear optimization

problem. The ARMA parameters estimated in this two-step approximation can be also used as an

initial guess for the following nonlinear optimization. Note that arbitrary initial parameter

estimate can converge to a local minimum.

When the ARMA parameters αi, βj, and ε(t) are estimated simultaneously, ε(t) also

becomes a function of the ARMA parameter θ. Then, Equation (A1) can be represented in a

similar fashion to Equation (A5)

θθϕθε T),()(),( ttxt −= , (A8)

where ϕ(t, θ) = [x(t –1) ... x(t–a) ε(t–1, θ) ... ε(t–b, θ)]T.

The objective is to minimize the following quadratic norm of ε(t, θ) with respect to θ:
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Note that because ϕ(t,θ) is now a function of θ, this object function cannot be minimized by

analytical methods. Therefore, the solution is usually sought by the following iterative technique:
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where iθ̂ denotes the estimate of θ at the ith iteration. The value ci is a positive constant to

control an appropriate decrease in the values of O(θ). )ˆ( iO θ′ is the gradient vector of O(θ)

obtained at iθ̂ . The value Gi is a directional matrix that modifies the search direction.

Depending on the choice of Gi, several minimization methods are available. The simplest choice

of Gi is to take it as the identity matrix, Gi=I. This choice makes Equation (A10) the gradient or

steepest-decent method. Choosing Gi= )ˆ( iO θ′′ makes Equation (A10) a Newton method.

A.2 AR-ARX MODEL 

As shown in the previous section, an AR-ARX model is basically a linear approximation

of an ARMA model. However, the way this AR-ARX model is implemented for damage

diagnosis problems makes the proposed AR-ARX approach unique. First, AR models are

constructed for a reference signal x(t) and a new signal y(t):
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Then, an ARX model is formed with x(t) as output and ex(t), which is the residual error estimated

from the previous AR model, as input:
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Finally, the αi and βi parameters estimated from the x(t) and ex(t) pair are used to reproduce

the output and input relationship between y(t) and ex(t):
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Note that the αi and βj coefficients are associated with the reference signal x(t) and are obtained

from Equation (A12). Therefore, if the ARX model, obtained from x(t) and ex(t), were not a good

representative of the y(t) and ey(t) pair, there would be a significant change in the probability

distribution of the residual error εy(t) associated with the new signal y(t).

A similar procedure can be applied to the original ARMA model. For example, the αi and βj

coefficients of an ARMA model can be estimated from the reference signal x(t), and the estimated
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ARMA model can be used to predict the new signal y(t). The next section, however, demonstrates

that the proposed AR-ARX model is more sensitive to dynamic characteristic changes of a system

than the equivalent ARMA model, justifying the use of the AR-ARX model in damage detection

problems.

A.3 Comparison of ARMA and AR-ARX Models

To compare the damage diagnosis performance of the AR-ARX and ARMA models, synthetic

data sets are generated in this example. First, a reference signal is generated from the following

ARMA(2, 2) process:

)2(9.0)1(5.1)()2(7.0)1(5.1)( −+−++−−−= ttttxtxtx xxx εεε (A14)

An AR-ARX model is then estimated by following the linear approximation procedure described in

Section A.1. An ARMA model is also estimated by using the AR-ARX model as an initial guess and

solving the nonlinear optimization problem. Figure A1 shows how well the AR-ARX and ARMA

models reproduce the reference signal, which is used to construct the model. The white noise input

ε
x
(t) is generated from a Gaussian distribution with zero mean and unit standard deviation. Figure

A1(a) shows that both AR-ARX and ARMA models successfully reproduce the reference signal.

The estimated standard deviation of the prediction error is 1.12 and 1.04 for the AR-ARX and

ARMA models, respectively.

Next, these AR-ARX and ARMA models are employed to predict the response of a new

signal y(t), which is simulated from the following equation:

)2(0.1)1(5.1)()2(7.0)1(4.1)( −+−++−−−= ttttytyty yyy εεε . (A15)

Because the initial ARMA(2, 2) process has changed from Equation (A14) to Equation (A15)

(the coefficient of the first auto-regressive term changed from 1.5 to 1.4, and the third moving-

average term varied from 0.9 to 1.0), the AR-ARX and ARMA models estimated previously are

expected to indicate the system change by increasing the prediction errors. When the AR-ARX

model is employed, the standard deviation of the prediction errors, σ(ε), increases from the previous

value 1.12 to 25.99 clearly revealing the system change. On the other hand, the σ(ε) values obtained

from the ARMA model barely change from 1.04 to 1.10 failing to discover the system change (see

Figure A1(b)).



61

Figure A1: Damage sensitivity comparison of AR-ARX and ARMA models.
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